





























6.4 The Merits of an ‘Exponential’ Spacing of Hy-
drophones

The two Figures following have been included to point up what we believe to
be an advantage of spacing hydrophones non-equidistantly along a-straight
array. Suppose the antenna were straight, and that a far distant point source
was radiating upon the antenna along end-fire. Suppose, further, that the
wavelength of the source was 2d. Then all items in each bin would have the
same value, and no integration could be undertaken over the period of the
signal in the sense of the Method outlined above.

We believe that singularities arising for that and such reasons with an
array of equidistantly-spaced hydrophones may be treated by spacing the
hydrophones non-equidistantly. The graph in Figure 12 shows the plot of a
curve which is not smooth. But it has become much smoother in Figure 13,
where the coordinates (x,,,0) (m = 1, 2, ...) of the hydrophones A, are given
as follows:

0 = 1000(e 50 — 1) | (184)

The thus ‘exponential’ spacing would seem to allow a better spread of values
across a bin. As we shall argue shortly, a more or less good spread of values
across bins becomes possible with greater gross flexing of the array.

With Figures 12 and 13 there is no noise on the signal. but there is an
uncertainty of one part in a thousand in the coordinates of the hydrophones.
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Figure 12: Singularities with even spacing of hydrophones
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Figure 13: Treatment of singularities with ‘exponential’ spacing of hy-
drophones
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6.5 Determination of Amplitude of Plane Wave

For simplicity, let the array be assumed to be straight, the hydrophones
spaced equidistantly, and the source sufficiently far away for the wave front
to be planar upon arrival at the array. Let L be the length of the array, M the
number of hydrophones, Ao the wavelength of the plane wave, a the amplitude
of the wave, §f the angle of incidence of the wave upon the antenna, N the
number of bins and P the power in the binning periodogram at A = Agsecé.

6.5.1 Theorem

In the limit as M — o0, and for values of A for which L cos #/), is an integer
K,

P N .7
42 = 9280 (W) : (185)
E. g
— = 10259, N =3
a
= 16211, N=+4
= 2187, N=5
1.
~ §N, large N.
(186)

Thus a% 1s least when N = 3. It can be shown that this makes the estimate

of a? least sensitive to noise on the signal. Hence the term ‘optimal binning’
when N = 3.

6.5.2 Proof

p(r,t) = acos(2mvt — 2rr.1/ Ao + @a) , (187)
where [ = (cos 8§, —sin §).

Now r = (z,0) at point  on the array, therefore at time ¢ = #,

2ry

A

p(z) = acos(

+¢)=acos(x+ ¢) =, A= Agsech, (188)
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where

2wz
X = T)
¢ = —27wolo — do. . (189)

In binning procedure (in limit M — co)

N % 2
By=(ph = o /DN acos(x + ¢)dy = — [sm(k +é)lg’
= gg (sin(mr + ¢) — sin q)) .
Vs
Therefore _ |
Na ‘
B, = TSID(A,)‘OS(¢+ N) (190)
Similarly
N ¥ Na T
By = (p): = %/; acos(x +¢)dxy = Tr-sm( W)cos(qﬁ-l— )
. Ea , _ Na .« (2n — D)
By, = (g, = /Wn Lacos(x +@)dxy = m?sm(l ) cos (q’)—l— i )
N g . Na_ =  @N—1)r
By =(p)n = o Jastiion acos(x +¢)dxy = TSIH(E) cos (c.b+ v )

=

5 N 2n—1 1
P:Bf-ﬁ-Bgz-l-...JrB?V:az(?_ sin? Zcos( (RJ\‘I)TF):;N

tfrom Lemma below (all integer N > 2), therefore

P _N?
priw sin?( z), quod eral demonstranduwm. (192)
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6.5.3 Lemma

N
-1 1 .
> cos® [ ¢+ Pu=dk = —N, all integer N > 2. (193)
si=1 N 2
6.5.4 Proof
¥ (2n — )7 i s 2¢ 4 2n(2n + 1)
j - 05° = = 1 — cos
o (o4 ) - F \
Ly Lpy g 22
= —N-—— e N e
2 T
o lN 1§R€Ziq@+2}7\;£ N{Zﬁ‘l 41;1!
-7 T3 2 ©
e —’
4miN
ey —1
S
=0, all integer NV > 2
= 1
Iy = ;)~N, integer N > 2, quod erat demonstrandum. (194)

N. B. When Lcos8/Ao # integer, then B, # (p), exactly in the binning
procedure; for, after taking the mean of the sums over the K = [L/)\] wave-
lengths A (where A = Agsecd) along the array, there is a quantity of order
K left over at the far end.
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